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Abstract. Weconsidergradientdynamicalsystemson aserni-Riemannianmanifold
of arbitrary index. Themainpoint of thepaperis theintroduction of the concepts
causalitysubsets,causalityfunctionandsectorstability. As a main application we
provideconditionsassuring, that thenonwanderingpointsarepreciselythesingular
pointsof thegradientfield. Fwlhermoreweshow, thateverynonconstantrecurrent

- orbit for thegradientfleidmustintersectoneofthecausalitysubsetsandthat thestable
andunstablemanifoldsbelongingtoahyperbolicsingularpointfor thegradientfIeld
areorthogonal.

0. INTRODUCTION

In [6] S. Smaleposestheproblem: <<Whatcanonesayaboutthedynamicalsystems,
which are gradientsystemsof a function with respectto a non-degenerateindefinite

metric, sayon a compactmanifold?>>

In this paperweposethequestionin thebroadercontextof arbitrarysemi-Riemannian
manifoldsand developa theorywhich amongothersenableusto addressthe question

of Smale.

The questionof Smaleis not only of mathematicalinterestbut hasdirect physical
interest,sincethis problemas shownin [6] is stronglyrelatedto the theoryof electrical
networks.Thequestionalsonaturally arisesin the theoryof relativity.

Key-Words.’ Gradientdynamicalsystem,semi-Riemmanianmanifold, recurrentorbi4 non-
wanderingpoinl Killing vectorfield.
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Themain partof thepapcrwill be devotedto thedeveloprncntof theconceptscausal-

ity function, causalitysubsetsand sectorstability. Theseconceptsarc important for a

descriptionof the dynamics.Undersuitableconditions,involving the causalitysubsets

andthecausalityfunction, semi-Riemanniangradientdynamicalsystemsaresimple in

thesense,thatthe recurrentpoints rcsp.nonwandenngpointsarcpreciselythesingular

pointsof thegradient.This is thecontentof themain theorems1.2. and 1.3. In Propo-

sition 1.6. we showhow thecausalitysubsetsrelateto arecurrentorbit for the gradient

field.
In section2 we define sectorstability. As an exampleof the importanceof sector

stability considera vector field, defined on all of R3, in variables TA, TB and

the concentrationsof chcniical reactantsA, B and C respectively. The appropriate

stability notion for a singularpoint on for instancethe positive first axis is S-stability,

because(TA, TB, TC) is restrictedto lie in S the closedfirst octantin 1R3

In section3 we specializeto lineargradientfieldson

In section4 we turn to thegeometricaspeet.sof gradientdynamicalsystems.Among

otherthings we analysethepropertiesof Killing gradientfields.

1. CAUSALITY SUBSETS

Let (M, g = , )) be a semi-Riemannianmanifoldof dimension n ~ I andof

differentiability class Ct, r ~ 2. Let X be avector fieldsof class C~,I < ,s < r -

To thetriple (M, g,X) we associatesubsetsof M, calledcausalitysubsets:

M~={peM~(X,X~~>0} M*={pEM~(X,X)T,<0}

Sx={pEM~X~=O} M~ {pE M\S
5~(X,X~~=0}.

Furthermore,we define afunctionof differentiability classC
3 calledthecausalityfunc-

tion

Kx:M~R, p~(X,X)~.

Note that M is the disjoint union of M~,M~,M~,S~andthat M~=

M* = K~(k) i.e. M~ and areopensubsetsof M.

Themaximal integralcurve ~: J(p) —f Al through p E Al is definedon anopen

interval J(p) =]t(p),t~(p)[ containing0 ink. Theglobalflow ~ : V(X) —~

where V(X) = {(t,p) E R x M~(p) < I < t~(p)}, is a mappingof class C3
definedon theopen subsetV(X) of R x M,

LEMMA 1.1. Let X bea vectorfield of class C3. If d K~( X > 0 for all p E M~,

then theflowhas the folio wing property:

For q E i4 U M~: c~q( t) E M~for all t eQ I~( q) I
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Proof If q E i4, then

o~~)(O)= dK5(X)8 >0

Consequentlythereis a ~ > 0 suchthat ~~(t) E M~for t e]0,~[. It therefore

sufficesto provethe lemmafor q E M~.Working towardsa contradictionsupposethat
thereis a ~ E]O,V

4(q)[ such that K~o ~ = 0. Now define z
1 = inf{z ElO,

t
4(q)[ K~o ~g(t) 0} > 0. By continuityof K~o we have 4q(t~) E M~.

Since

O~g)(ti) = dKX(X)~q(tj)>0

thereis a 12 E]O , t
1 [ suchthat K~o ~~~(t2)< 0. This contradictsconnectednessof

[0,z1[, sinceK~oçt~(0) >0 andthe lemmaisproved. a
Recall, that p E M is an w(resp.o~)-limitpointofq E M if t

4(q) = +oo(t(q)

= —~) and thereexists a sequence(t~)~ in J(q) such that t,~—* +oo and
—~p for n—i +00. Thesetof w(a)-limit pointsaredenotedby w(q)(a(q)).

Define

L~(X) = U w(q) and Ln(X) = U c~(q).
qEM gEM

A nonconstantintegralcurve : J(q) —~M is called recurrent if it is w-recurrent
i.e. cbq(J(q)) c w(q) and/or o~-recunenti.e. 4i

8(J(q)) c c~(q). In this casewe

also saythat theorbit çb8(J(q)) isrecurrent.In whatfollows f is afunctionon M of
differentiability class ck, 2 < k < r.

THEOREM 1.2. Supposethat either

1. dKgradf(gradf)~>0 for all p E Mg
9radf

or that

2. dKgradf(gradf)~<0 for all p E Mgttradf.

Thena) L~(gradf) = Sgrad~f’ andb) L
0(grad f) =

8gradf•

Proofof Ia. If L~(gradf) = 0 then also 8grad ~ 0 Otherwise considerp E

L~(gradf) and assumethat p~Sgrad f

CASEI. pE L~(gradf)flM~adf.

Q = f’(f(P))11Mg~radf isahypersurfaceinM, since(grad f,grad f)q >0 and
thereforedfq~0 for all q E Q. Thisalso shows,that gradf,~ T~,Q= ker df~.By

the TubularFlow theoremthereis a diffeomorphism ~o= (ço~,... , : U —* ço(U)
{~E R~ JX~<6>0, of class ck~with

pEU,Tço(gradf~U)E(1,0,...0) and QflU={qEU~co
1(q)=0},
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where Tço denotesthe tangentialof p - ~ is the global flow of grad f. Since p E

L~(gradf) there exists a q E M and a sequence(tm)m~ in J(q) such that

Zm —4+00 and ~q(~m) —~ p form —p +~a.Usingthis sequencewe can find two

positive real numbersS~< ~2 with ~q(’~t )~/~(~) E Q. But for I > .s1 , f 0

increasesstrictly, since

~(f0~q)(I) = (gradf,grad f)~q(t) >0

byLemmal.l. ThiscontradictsfO~q(Si) = fO~q(S2) =

CASE II. pE L~(gradf) flM~adf.

Note, that d Kgrad ~ ~ 0 for all p E Mrad f = Kgrad j ‘(0) \
5’grad ~. Therefore

Mg°rad~ is a hypersurfacein M. Again usingtheTubularFlowTheoremthereis a dii-

feomorphism~ : U —~ p(U) = {~E R’~ ~ < ó}, 6>0, of class Ck I with

p E U,T~(gradf U) (1,0,0.. .0) and M~adIflU = {q EU I ~,(q) = 0}.

Since p E L~(gradf) there is a q E Al anda sequence~tm~mE~ in 1(q) such

that tm +oo and /q(~m) —÷ p for in —3 -I-Do. Now choose ~ E 1(q) wIth

(I)q(St) E M~adfflU. Since CI)q(tm) —~ p for m —f +00 there is an o
2 > s~such

that ~g(~2) E U 1~Mg°rad,~-.By assumption 1:

~(Kgrad ~ 0 ~q)( .s2) = d Rgrad 1(gradf)~(3~> (t

We canthereforefind 83 E]St , s2 I with ~q(83) E Mgrad ~ conlradictingLemma 1.1.

CASE Ill. p E L~(gradf) fl Mg~=ij.

Since p E L~(gradf) thereexist a q E Al and asequence1 ~ in 1(q)

with the property,that trn ~ +00 and cbq(Im) —~ p for in —-4 +cx~. If thereexistsa

t0 E J(q) suchthat ~q(to) E M~adfUM~adf,we haveaccordingto Lemma 1.1.,

that ~q(t) E M~ad~ for I > t~. But Mgra~jj ~ M\M;ad ~ is an openneighbourhood

of p. Therefore ~q(tm) cannotconvergeto p for in —3 +00. We conclude, that

~g(t) E Mg;adf for all I E J(q).

Now define Q = f (f( p)) fi Mgrad ~. Then we reacha contradictionin the same

wayas in caseI, theonly changebeing, that Jo ~q decreases.Consequentlywe cannot

havep~Sgrad ,. anda) follows.
In (N, k) = (Al, —g) we havegrad~ f = —gradM f K~ad, = -- ~. There-

fore

L~(grad~ f) = L,~(gradn f~S’gra(j f = ~

5grad ~ and hI iS proved
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Applying I to —f 2 follows. .

In theRiemanniancase,I and2 of Theorem1.2. aretrivially satisfied,since Mg°radf
= 0 andthenthe result is wellknown(seee.g. [5] p. 13).

V(X)~denotesthe domainof çb1, t E R. Recall, that p E M is a nonwandering
pointof X iff t

3(p) = +00 andfor all neighbourhoodsU of p andall t
0 � 0 there

is a t >.t0 such that U fl ~~(V(X)~ flU) ~ 0 (cf. [1]p. 513). L~(X) denotesthe set

of all nonwanderingpointsof X.

THEOREM 1.3. SupposeI or 2 ofTheorem1.2. holds. Then ~ (grad f) = Sgrad f -

Theproofof this Theoremis verysimilar to theproofof Theorem 1.2. and isleft to

thereader.

REMARK 1.4. If gradf is complete(e.g. if M is compact),thenTheorem1.2. follows

from Theorem1.3., sincethen

L~(gradf) c ~(grad f), L~(gradf) = L~(grad(—f))c ~(grad —f)

by [I] p. 514.

EXAMPLE 1.5. M = R~i.e. g = —d xf + d x~,x = (z1, x2) E 1R
2 Define

f : Al —‘ R by (z
1,x2) —~ + ~-rr~.Thengradf = (—2x1,z2) and Mg°radf=

{x E R
2\{Qj z

2 = +
2z

1}. Also I of Theorem1.2. holdsand

~(grad f) = L~(gradf) = L~(gradf) Sgradf= {~-}

seefigure 1.

PROPOSITION1.6. ~ denotestheglobal flowofgrad f. Suppose,that : J( q) —~ M

is w -recurrent for grad f, where q ~ Al.

If q E M~adf( resp.M~adf), there exists a t E] 0, t~( q)[ such that ~q( I) E
M~adJ(resp.Mg

4ad ~)-

Proof Let q E Madf. Assume~~(t) E Al\M~adf forall tE]0,t~(q)[. We reach

a contradictionasfollows.

Considerthe hypersurfaceQ = f~(f( q)) n Mad ~ in M anda TubularFlow
~o:U —~ ~(U) = {z E R~ x~<6)6.> 0, with

qE U, Tp(grad f
1~)~( 1,0,.. .0) ,QflU {q E U~~o1(q)= 0).
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M~ M

Mj~

M,~

Fig. 1. Orbits and causality subsets for the gradient X(x~, ~ grad f(’i , in) =

(—2,1,2) on M=R~

Now q E ~i(q), since is w-recurrent. As in Theorem1.2. wc can find an s > 0

such that ~3q(8) E Q. Since q E M~ad~ and ~q(I) E Al\Algrad ~ for I > 0, we

have:

~(fo~1)(t)=(gradf,gradf)~) {~~

Thereforef 0 ~q(s) > f(q), contradictingthe factthat q, ~( s) E Q Consequently

thereexistsa t ElO , t~(q)[ suchthat ~q(I) E Alg~~a~~-.Thisprovesthe lirst statement.
-The statementin ( ) follows by applying the first statementto (Al, —g) and —f. a

REMARK 1.7. Suppose,that : J(q) —* Al is w-recurrentfor gradf as in Proposi-

tion 1.6. Then we can find an increasingsequence(tm)mE~ in J( q), suchthat

IM~.d formeven
~(t ) ~j grif‘Pq m ~, Alg~ad~ for m odd

accordingto Proposition1.6. Sotheorbit containing q mustrepeatedlyleaveandreturn

to Mad ~, M~ad~ and Mg°rad~- respectively.

Note also,thatevery nonconstantw-recurrentorbit must intersect Al~3(jf~

EXAMPLE 1.8. Al = R~. Define f : Al —+ R by (‘~,‘~) —* 11T2 - Then

grad f(x1 ‘‘2) = (—‘2,’l) Conditions 1 and2 of Theorem 1.2. arc both violated.

Since(0, 0) is acenterwe have
5gradf = {(0,0)}JQ(grad f) = r) = L~(grad f> = M.
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Mj~4

~Ir

Fig. 2. Orbits and causality subsetsfor the gradient field X(z1,x2) ~ grad f(xj,x2) =

(—‘2,Zi) on M=R~.

This exampleillustratesProposition1.6. andRemark1.7., seefigure 2.

Suppose,therearesequencesq (q~)k in Al and p = (p1) k + I in S~,with
i=t 1=1

thepropertythat

Pu = pk+I,~X(q1) = p~ and w~(q1) = p~+1,iE {l,...,k},k E IN.

k+I 1 [k
Define ‘y~= ç11(J(q~))and C~= U pJ U U ‘y~

2’~I J ~

G~is calledan X-Ioop. In thesamespirit asProposition1.6. we have

PROPOSITION1.9. Suppose,that grad f hasa grad f-loop Ggrad f.

~ ~ ~ fi ~ ~.~ 0 (resp.Ggrad ~ fl ~ ~,.~ 0) then also
0gradf fi M~adf~0 (resp.Cgrad jfl ~ 0).

Proof Given that ~grad f fi ~ ~ 0, assumeGgyad~ fl M~a~~~ 0. Now choose

j E {1,...,k} and t~E J(q~)such that ~ E Mg~.adf.For I E J(q~),i E

{ l,...,k} wehave

0 ~ (I) = (grad f, grad f) U) {> 0 t = t
2, i = j

d t qj ~ 0 otherwise

Therefore f(pI) ~ ~ f(p,) < f(~,+t) < ...f(Pk41) = f(p1), a contradiction.

Consequentlywe musthave Ggrad j 1) Mg~ad~ 0. This provesthefirst statement.The

statementin ( ) follows by applying thefirst statementto (M, —g). •
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Ix~.x’~�~~
11 ..,,

II II II II

Fig. 3. Orbits and causality subsetsfor the gradient grad f( r~, i.’) = I cos 2 Sin I~

sin i~ ens 12) on M’ =

EXAMPLE 1.10. Al = R~.Define f : Al —~R by (‘1,’2) ---~ sun a~sin ~2 Then

gradf = (— cosx~sin ‘2~~ eos‘2~ andthereexistsa grad f-loop Ggra(1 ~ such

that 0gradf fi Al~ ~ ~, as illustrated by Figure 3.

M Cgrad f ‘ grad f ‘grad f

• ; singular point of grad f.

Proposition1.9. asserts that Ggrad~ fl Mgj~jffO

Thefollowing notationturnsout to beconvenient

= M \Al~
3(1~ Al~(1~ = Al \Algra~ii -

Wcllknown ideas lead to

PROPOSITION1.11. Let K be Compact in M . ~ denotestheglobal liowol grad j Ii

K U is positively invariant for 1/), then for every q C K U th~n ~

a c E f( Al) such that

Of w ( q) C f c n K n Al~a(if ~
5grad f > -

Proof Supposethat K flAl~
3d~ is positively invariantfor ~ andthat q C K nM~3,J

Note, that KfiAl~3(J~ is compact.We concludethat w( q) f 0 and ~( q) K flM~,,,1
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It thereforeremainsto prove that Kgr~~ 0 and f c on w( q) for some c E

f(M). Now

~(fo~~)(t) = (grad f,grad f)~~ ~ 0

fort > 0.So fo~ decreasesfort > 0. Since f is boundedon K, c =

inf{f o.~q(t) t > 0} exists and fl~.,(~) c. w(q) is invariant under ~. For

p E w(q) we therefore compute

0= ~!_(fo~~)(0) = (grad f,grad f)~= Kgradf(P)

and the proposition is proved. .

REMARK 1.12. Let h : M —+ R~ be a function of class C’~. Then wgradf(q) =

Whgrad 1(q) for q E Al. Usingthis equalitywe leave it to the readerto formulateana-

loguesofTheorem1.2. andPropositions1.6.,1.9. and1.11. foravectorfieldh-grad f.

2. SECTORSTABILITY

S is a subsetof Al and p a singularpointof X.

DEFINITION 2.1. p ispositively S-stablefor X if for everyneighbourhoodU of p

thereis a neighbourhoodV ofp suchthatforall q in VflS wehavethat t~( q) = + 00

and ~~(t) E UflS forall t >0. Ifin addition V can bechosensothatforall q in
VflS,~( t) —~p for t —p +00, then p iscalledpositivelyasymptoticallyS-stablefor

X. p isnegatively(asymptotically)S-stableforX if p ispositively(asymptotically)

S-stablefor —X.
Notice that Al-stability = stability in the senseof Lyapounov.

DEFINITION 2.2. A function L : U —~R of differentiability class C’ definedon an

openneighbourhoodU of p and satisfying

i) L(p)=0
ii) L(q) >0, q E UflS\{p}

iii) Xq[L] <0, q E UUS\{p}

is called a sectorLyapounovfunctionfor S in p.
If furthermore

X~[L] <0, qEUflS\{p}

L is a strict sector Lyapo unov function for S in p.
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Notice, that a(strict) soctorLyapounovfunctionfor Al in p is a (strict) Lyapounov

functionfor p in theusualsense.

We needaslight extensionof

LYAPOUNOVSTHEOREM. Suppose S is a closed positi vely invariant subsetof M.

1. If X has a sector Lyapounov function L : U —~R for S in p then p is

positively S-stable.

2. If L : U —+ P is a strict sector Lyapounov function for S in p then p is

positively asymptotically S-stable.

Theproofissimilartothatini3lp. 131. a

PROPOSITION 2.3. Let p be an isolated singular point of grad f and W an open

neighbourhood of p in M.

a) If d Kgrad ~(grad f)5 > 0 (<0) for all q E M~ad~ ~ ~‘~“ then

I. p is a strict local maximum (minimum)of f~M° iff
grid /

p is positively (negatively) asymptotically Al~d~~stable

2. p is a strict locaimaximum (minimum) of f~M~ iii
g~.d/

p is negatively (positively) asymptotically Al~d f~.ctabIe

Proofof I. Let V be a compactneighbourhoodof p suchthat V c 14’ and p is the

only singularpoint of gradf in V.

~ >> : Since p is a strict local maximumof f~M° there is anopen neighbour-
&,d f

hood U C W of p such that f(q) < f(p) for all q E U fl M~df\{P). Define

-L(q) = f(p) — f( q) , q E U. Then L is a sectorLyapounovfunction for M~ ~ ill

p. By LyapounovsTheoremp is positively W~,1~ ~ since W~d~ is pos-

itively invariant for grad f~. by Lemma 1.1. But then p is also M~1f-stahle.We

conclude,that thereexistsaneighbourhood V1 of p suchthat

For all q in V1 fl Al~df, ~( I) is defined and in V U A1~d lbr all
(*)

I > 0, where~ denotesthe global How of grad J.

Supposefor contradiction,that p is notpositively asymptotically Al~,11-stahle. 1’hcn

thereexistsa q E V1 U ~ ~, and an open neighbourhoodV~ C V of p and a

sequence(t~)~~in lR~suchthat ~ I~)e V\V2 for all n C IN ‘Thke a convergent

subsequence(~q(~ )) with limit point q1~ C V fl ( Al~a,if U Al1~=1~) . From I I and

Lemma1.1. we deduce,that

(**) fo~5(t) <f(q0) for alit> 0.
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By Lemma1.1. thcreexistsab >0 suchthat ~q(t) E Al;adf forall I EJ0,bI . Now

chooset~E]0 , b[. Then fo ~q0U~)> f( q0). By continuityof fo ~, thereis anopen

neighbourhoodIt x U~of (I1, q0) in V(grad f) suchthat fo~(t, q1) > f(q0) for

all (I, q1) in I~x U~.Taking ~g(t~) in U1 we have

f o ~(t1 , ~ , q)) = f o ~(t1 + t~, q) > f(q0)

contradicting (**).

~ > : Let p be positively asymptotically Al~d1-stable and V1 a neighbour-

hoodof p suchthatforall q in V1 flAl~df, t~(q) = +oo,~~(t)E VUAl~df for

> 0 and ~5(t) —p p for t —* +oo. If p is not a strict local maximumof f~Mo.
~.d /

therecxisLsa q1 C V1 ~
1~~ad

1\{p} suchthat f(q1) � f(p). Now f o increases

strictly for I > 0, since ~q(t) E W~ad~ for I > 0 by Lemma 1.1. Consequently

f(p) = lim~,+~fo~~(t)> fo~(O) = f(q1).

a contradiction.Thus p is a strict local maximumof fIM° -
&.d I

This provesthe first statement.The statementin ( ) follows by applying the first

statementto —f. Considering (Al, —g) we can prove2 using 1.

If Al is Riemannian,thena) in Proposition2.3. is trivially satisfiedandthenPropo-

sition 2.3. asserts,that we havethe wellknown property (see e.g. [21p. 200):

p is a strict local maximum(minimum) off iff
(*)

p is positively (negatively)asymptoticallystable.

EXAMPLE 2.4. M = 1R~.Define f : Al —~P by (z1,x2) —~ 2x~— ,~. We
computegradf = (—4x~,—2 ‘2) Then a)in Proposition2.3. holds with W = Al

and (0,0) is a strict maximun2of f~M°~ By Proposition2.3.1. (0,0) is positively
~.d /

asymptoticallyM~d1-stahle, secfigure 4.

Similarto aninstability Theoremof Lvapounov(seee.g. [2] p. 199) wc have

PROPOSITION2.5. Let p be an isolatedsingularpoint of grad f and W an open
neighbourhoodof p.

a) IfdKgradf(grad f)q > 0(resp.<01 forall q in Al~adf U W and
1. everyneighbourhoodV of p containsa q in V U Al~ad~ such that f( q) >

f( p) ( f( q) < f( p)), then p is positively (resp. negatively) unstable for grad f in the

senseofLyapounov.
2. everyneighbourhoodV of p containsa q in V U Al~adf such that f( q) >

f( p) (f( q) < f( p)), then p isnegatively(resp. positively)unstablefor grad f in the
senseofLyapounov.



528 JENSCUR. I.ARSFN

Fig. 4. Orbits for the gradient grad f(xi,’
2) = (--4’~,— 212) on M = R~ M~df is

dashed.

Proofof I. Considera chart (V, iJ) with p E V C W suchthat ~/(p) = 0, B1(0) c
~‘( V) and p is the only singularpoint of gradf in V. Here B1 (0) is the open unit

ball of R’~ and B thecounterimageby ~ of iLs closure. For every b C [0, II there

existsa q in ~ - (B~(0)) U Alrad ~ suchthat f( q) > f( p). Letting ~ denotethe

global flow of grad f, assumethat ~q( t) E B U Alg~ad~ for all I in 0, U ( q) I . We

reachacontradictionas follows.

We musthave U(q) = +~. Choose p ElO, ~ suchthat f( q1 ) < f( q) fOr all q1

in ~H(B~(0)). Using the assumptionwe seethat f o ~ I) > f o 0) = f( q) for

t > 0. We thereforehave:

(*) ~ I) C ~
1(B

1 (0) \B~ 0~U Al;rad~ for I > 0.

Let (Im)m~~be a sequencein JR.. with trn +oc for rn --3 + cx. I

hasa convergentsubsequence(~q( ~m)~ with limit point q0 E ~‘ ‘(B1 (0)\B1~(0)) fl

(M:rad ~ U Mg
4~a~f). Accordingto ( *1 we have

(**) fo~
5(t) < f(q0) fOr f >0.

By Lemma1.1. thereexistsa b > 0 suchthat ~ (I) C Al;a3, ~ br all I C 0, hI . Thus

we can find a I, C]O, bI suchthat f o ~( I,, q0) and hencean openneighbourhood

1~x U1 of (t~, q0) in V(grad f) with f o ~( I, q,) > f( q,,) for (I, q,) C 1 U,.

Choose tm suchthat ~( I71i~, q) C U,. Then

fo~(t1,~(t~,q))= fo~(t1 ~,q > f(q0)
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contradicting(~s~’u’).We concludethat thereexistsa I E] 0,t~( q) [ suchthat ~q( 1) ~

BflM~1.
Now define A = {t e]0,t~(q)[~q~iq(t)~M~1nB} and s = inf A >0. Then

E B. Since M~adf is open we cannot have ~~(s) E M~a~ii.If i~Iiq(S)C
Mg°rad~. fl B, thenaccordingto a) we have

~(K~jo~q)(s) >0

contradicting the definition of s. Consequently~~(s) e Mad ~.. Since M~1 is
open,we canfind a t El a,t~( q) [ suchthat ~q( t) ~ B, therebyprovingthefirst state-

ment.

The statementin ( ) follows by applying the first statement to —f. Considering

(M,—g) wecanprove2using1. a

EXAMPLE 1.5. illustratesPropositions2.5. Example 1.8. shows,that condition a) of

Proposition2.5. cannotbe omitted.

Supposenow, that Al and X are smooth and that X hasa singular point p. Let

(V, ~) be a chartaround p with coordinates(y,,... , y,~) e ~(V) C R’. Then we

computeusingEinsteinssummationconvention

a

2KXO(P-’ ô(X~T a(Xv’)3
(*) d K~= 0 and (~(p)) - ‘P(P)

where XS°is the local representativeof X and k, £ E {l ,.. . , n}. Thus we see

p is a nondegenerate critical point of K~~

pis elementary(i.e. dot{~~‘(~(~))}~)
If p is an elementarysingularpoint of X we seefrom (*), that the index of K~

in p equalsthe index v of g. In this casethereexistsby the MorseLemmaan open

neighbourhoodU of p in Al anda diffeomorphism~h U —~i/.’( U) C P’ such that

I ~ ii=0
~ 0<v<n

‘i=n

for ~ ,x,~)E 1’(U). When 0 <ii < n, M~fl{p} hasthe structureofaconein
thevicinity of p.
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3. LINEAR GRADIENT FIELDS ON R~.

We denotethemetric on R~by ( , andthecanonicalbasis in D~’~by e1

n C N. We will identity R°~and T1R’°via the isomorphism

~ T~R’1, e, —~ a,

where 8, is the i-th basis vector field in the chart (R’1, 1~) on P’ and T =

C JRfl~

S~is the subsetof L(R’
1, IR’1 consisting of selfadjointlinear operalorson

We denotethematrix representationof S C L(R’1, R’1) in thecanonicalbasish {S~}
andthen

(3.1) SE S~ iff S~,= (S(e,),e
1)= (e~,S(ep)= S~r1

where ~,i C {1 n} and c, = (e,,e,)

PROPOSITION3.1.Let SEL(R’1,R~).

1. S is the gra dient of a smooth function iff S C S0’1.
2. IfS C S,~then exp(IS) C 5’~fur all t E P.

Proof of]. We useEinsteinssummationconvention.Theone-formmetricallyequivalent

t~s~’a~~ Ps= ckSIxdI.

<< += >~:For SE S~we have

(*) dpç = Ek

5’~1 Ad
1k = ~1<k<~<~ [ckS~ — c,S~jd x Ad Tk =

By Poincarè’slemma p~is exact, so 5 is a lineargradientfield.

~ >~ : If p~= df forsomesmoothfunctionf : R’1 --* P then dpç = ddj =

0. Accordingto (*) we have,that �kS,k = �,S~, i, k E {1 n}. ByL
1.l) S C S~

2. DefinealinearmapH,’: L(R’1,R’~) —~ RL — e’(L(e,)) where U’’,

e~isthedualhasistoe~ e~and i,j C {l n}. Then Ii :L(k’,P’3) .t~,

L —~ ~(H~’(L)E, — H~(L)E,)2 is continuous,so S,~= H ‘(0) is closed. Clearly

~

Ek(t)~~ C S~.

Finally exp(tS) = Iinik~ Ek( I) C 5,’,’, since 5,’,’ is closed.

EXAMPLE 3.2. Suppose,that S is selfadjoint in R~,i.e. S is a gradient field by

Proposition3.1. Thenall typesof elementarysingularpointscanoccurwhen v = 1: in

contrastto thecase v = 0, whereimpropernode,focus andcenterareimpossible.
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4. GEOMETRIC ASPECTS OF GRADIENT DYNAMICS

In this section (Al, g) is a smooth n-dimensionalsemi-Rimannianmanifold with
Levi-Civita connectionD. X is asmoothKilling vectorfield on Al. An integralcurve

for X throughacritical point q of K~is ageodesic(see[4] p. 259),sincegradK~=

- 2DxX.
For q C M and t C J(q) we compute

o~~)(t)= ((D~x,x)+(X,DxX>)~~) 0.

This shows,that Al~,Al~ and M~areinvariantundertheflow ~ for X. If in addition

X is thegradientof a smoothfunction f on Al, Proposition1.6. asserts:If X has

recurrentorbits,then theymustbe containedin M~.

Let c C f( M) andsuppose‘~ : I —‘ Al is aperiodicgeodesicthrough ‘y( t0) C

f~ (c) ,t0 C I. By the conservationlemma

dfo~(t) = (gradf,~’)(t) k ER for alle tEl.

Because‘~y is periodic,we musthavek = 0. We conclude:If ~y: I —‘ Al is aperiodic

geodesicin Al, then ‘~(I) C f~(c) forsome CE f(M).

Supposed C f(M) satisfies Kgradf(P) > 0 (< 0) for all p in f~(d); then

f
1 (d) is asmoothsemi-Riemannianhypersurfaceof Al, seee.g. [4) p. 106. Actually

this statementcanbe sharpenedin the following way

f~ (d) is a smoothscmi-Riemannianhypersurfaceof Al

ifff~(d) C Al~adforf~’(d)C M~adf.

If ‘y : 1 —* Al is a geodesic,tangentto f~(d) in ‘y(t
0),t0 C I, then (4.1) shows,

that ‘~(I) C ft (d). So f~ (d) is asmoothgeodesicsemi-Riemannianhypersurface

of Al.

PROPOSITION4.1. Let h be a smoothfunction on Al and p a hyperbolicsingular

point for gradh. Then thestablemanifoldof grad h in p, W~( p), and the unstable

mariifoldof grad h in p, W”(p), are orthogonal in p.

Proof Let (V ~) beachartaroundp with coordinates(II, ... , x’1) C ~(V) C R~.

We useEinstein’ssummationconvention.Thenthe local representativeY~: ~h(V) —i

R’1 of Y = gradh is

g e’..oh
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Put hk, = I <~,k < n.

In thecanonicalbasis in R’1 the matrix representationof S = DY~~
1is

{g’
3h~,} I <}<n, I <k<n

S is selfadjointwith respectto the inducedscalarproduct ( , ) on R’~,since

(e~
1. S(ek)) = (Cm,Q”hkiC)) = ~rn

= (g’
3h~c,,Ek) = hThk m, k C { I n}.

According to [3] p. 108 there is a dircel sum decomposition pn = E~~cE° mb

S-invariant subspaces,suchthattheeigcnvaluesof SI~~havenegativerealpart andthe

eigenvaluesof S~F. havepositive real part.

Furthermore: T~a(T~W~’(~))= E’ and Ti,b(T~W°(p))= E° whereagain Ti,b is

thetangentialof ~., see[3] p. 98 & 152.

By [4] p. 261, exercise18, ES and E’1 are orthogonalin the scalarproduct in-

ducedon R’1; sincea cyclic subspaecin theunstablesummandanda cyclic suhspace

in thestablesummandof thecomplexifiedlinearoperatorS areorthogonalin thescalar

product inducedon

EXAMPLE 4.2. To illustrate theideasof the proccdingsectionsconsidera siiiooth func-

tion f on R~,’.Then

= E~

~f (l~f ( aj a
d Kgr,d j( grad fI = 2 r~ d Tk ~

91N OTT

_,r ~L~±L.2ek0 dl, dTJdik

Now definea symmetrictensor s on R~,’with components

~2 ~81k = C, �k

in the chart (R’1, lR~) on R’1. .s is positive definite on an open subset I) ol k’,

Hence

d Kgrad ~(grad f > (I
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on M~ad~ fl D. In view of Theorem1.2. this implies that grad f can have no non-

constantrecurrentorbitscontainedin D. As asimple applicationconsiderthegradient

of

f(z
1,x2,z3) = + + b~ + + b~X~

on R~,whichhasmetrictensor —d z~+ d x~+ d x~.gradf canhaveno nonconstant
recurrentorbits, e.g. closedorbits, containedin x2 > ~-z~ — 1; as the reader can

easilyverify by showingthat a is positive definiteat thesingularpoint at the origin and

nondegeneratein theconnectedopenset z2 > ~ — 1. Hence a is positivedefinite

throughoutthis set.

Consider now the one parameter family of semi-Riemanniangradients grad fP on
R~,where

f’~(z1,z2) = +

and p C R\{0 }. grad f’~hasa degeneratesingularpoint at theorigin for every p C

R\{0 }. Compute

KgradfP(X) = —l6z~’+ 36p
4a4°

d Kgrad p~(g’~f~)~= 24(16z~+ 90p6~44)

The latter is > 0 on Al\Sgrad ~, in particularon Mg°rad~. Notethat (0 , �) C M~adfl~

for ~ > 0. Furthermore f~(0,E)> 0. According to Proposition2.5.1. the origin is

positively unstablefor grad fP in the senseof Lyapounov. (c, 0) C M~ad~ and
fP( e, 0) > 0 for all > 0. By Proposition2.5.2. the origin is negativelyunstablefor

grad fP in the senseof Lyapounov.

EXAMPLE 4.3. Recall,that in the theoryof relativity an observerfield U on aLorentz

manifold (Al, g) is afuturepointing timelike unit vector field on M - U is synchro-

nizableif thereare smoothfunctions h : Al —‘ P and t : Al —f P suchthat

U = —hgrad t. Note,that Al3 = 0. By remark 1.12.:

L~(U) = L~,(U) = 0.

In particular U hasno recurrentorbits.

REMARK 4.4. An electricalcircuit with I inductorand3capacitorshasthemetrictensor

of aspacetime,see[6]. Thusit canserveas atestgroundfor gradientdynamicalsystems

on spacetimes.
Let i( Al) denotethesetof all Killing vectorfields on Al and I( Al) thesetof all

Killing gradientfields on Al. By [4] p. 253 i( Al) is a finite dimensionalLie algebra

overthe reals,of dimensionat most 4n(n-f 1) if Al is connected.Clearly 1(M) is

asubspaceofi(Al).
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PROPOSITION4.5. Let M be connected and h a smooth function on Al.

I. If X = grad h isa Killing gradient field on Al andthcrcexisisa pC Al such

that Xr, = 0, then X 0.

2. diml(M) Un.

Proofof1. SupposeX~= 0. In achart (V ~,L)aroundp with coordinates(y’ ti’’)

E~h(V)wehave

X1 = g”~d,= X’d,

DX is skewadjoint relative to g (see 4] p. 251). Thus, evaluating ill p, we get:

(D8X~a,,a~)= (~a~a~)= (g
0h~Jd,,d~)=

= (D
8X’d,, dk) = ~ k, ~ C { I n}

Therefore DX~= 0. Using j4[p. 253 we get X 0.

2. Thelinearmap 1(M) —p T2Al,X —. Xi,, is injectiveaccordingto I. a

The following exampleshows,thatequality in Proposition4.5.2. can in fact occur.

EXAMPLE 4.6. In R~,’ the Killing vector fields arc of the fomi X : P” —. P’ r ~

v + S(x), where v E JRfl and S is a skewadjointlinearmap, (seee.g. [4] p. 2531.

‘The differential of X in 0 is S. If X is agradient,theproofof Proposition4.1. asserts

that. S is sclfadjointandtherefore S = 0. Clearly, the constanlvectorfield r —~ v is a

gradient.Thuswe haveaccordingwith Proposition4.5.1. Furthermoredim I( M) = n.

5. CONCLUSION

This paperposesamongothersthe following problem:

For apolynomial function f on R,’, determineconditionson the coefficientsof f
in orderthat theassumptionin Theorem1.2. is fullfilled for grad f or its restrictionto

someopenset. Usefor instancethe ideaslaid down in Example4.2.
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